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DEGENERATE EULER ZETA FUNCTION 


TAEKYUN KIM 


Abstract. Recently, T. Kim considered Euler zeta function which interpo¬ 
lates Euler polynomials at negative integer (see [ 31 ). In this paper, we study 
degenerate Euler zeta function which is holomorphic function on complex s- 
plane associated with degenerate Euler polynomials at negative integers. 


1. Introduction 

As is well known, the Euler polynomials are defined by the generating function 
to be 


p j.n 

= (see [1-7]) 

+1 n\ 

n=0 

When X = 0, En = E„(0) are called Euler numbers. 

For s G C, Kim considered Euler-zeta function which is defined by 

C£;(s,x) = 2^—, (x^0,-l,-2,...). 

Thus, he obtained the following equation: 

C,E{-n,x) = En{x), (neNU{0}), (see [3]). 


( 1 . 1 ) 


( 1 . 2 ) 


(1.3) 


L. Carlitz introduced degenerate Euler polynomials which are defined by the 
generating function to be 

2 fn 

———(l + At)^ = ^£:„(a:|A) —, (see n). (1.4) 

When a: = 0, £’n(A) = £’„(0|A) are called degenerate Euler numbers. 

From ca), we note that limA^-ofn(a:|A) = En{x), {n > 0). By (11.41) . we easily 
get 

n 

£,n{X)+£m{n + 1|A) = 2^(-l)'(;|A)^, (1.5) 

1=0 

where (?|A)m = l{l — X) ■ ■ ■ {I — X{m — 1)) and {l\X)o = 1. 

In this paper, we construct degenerate Euler zeta function which interpolates 
degenerate Euler polynomials at negative integers. 
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2. Degenerate Euler zeta function 
For s S C \ {0, —1, —2, • • •}, we recall that gamma function is given by 


r(s) = r 

Jo 




( 2 . 1 ) 


Let 


9 , ^ 

n—O 


Then, by (I2.1E we get 

1 /■°° 2 

r(s) Jo r(s) Jo 


1 


1 + e * 

OO 


E(-ir / 


U») 

2 y- (-1) 

r(s) ^ (m + x)^ 

^ ' m—O 

=Ce{s,x). 


e-^H^-^dt 


m poo 




e “y- ^dy = 2 E 

771=0 


(m + a:)* 


( 2 . 2 ) 


From (12.2E we note that 

CE{-n,x) = En{x), (neNU{0}). 


Let 


2 +71 

E(t,x|A) = T--(1 + At)^ = E^"(2^I^) — - 

71=0 


(2.3) 


(1 + At)'^ + 1 

For A € (0,1) and s S C with R{s) > 0, we define degenerate F-function as follows: 

^oo 

r(s|A)=/ {1 +Xt)-iE-^dt. (2.4) 

Jo 

Note that limA->.o F(s|A) = F(s). From (|1.2F we can derive 

^OO 

r(s + l|A)=/ {l + Xt)-^Fdt 

Jo 

pOO 

■ / (1 + At) ~F~^dt 

Jo 


A- 1 


s 

'l-X 


1 + (2-5) 


(1 -A)«+i 

s 


l-X 

X 


1 


(l-A) 


s + l 


F s 


1 - A 


Therefore, by dll]), we obtain the following theorem. 
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Theorem 2.1. For s G C with R{s) > 0 and A G (0,1), we have 


r(s + i|A) = 


(1-A)*+i 


r s 


A 


1-A / ■ 


By Theorem 12.11 we get 

A 


r s 


s — 1 




r s -1 


A 

1-A 


1 - ^ 
1-A 


( 2 . 6 ) 


and 


r s-1 


A 


(1 - 2A)'* 
(s-2)(l-2A)*-i 


r s- 1 


A 


1-2A 


I-A; (1-3A)'*-! 
Continuing this process, we have 

A \ (s - (n + 1))(1 - (n + 1)A)® 


r s-2 


A 


r s — n 


1-Ay (l-(n + 2)A)'* 

Thus, by Theorem 12.11 we get 


1 - 3A 


r ( s - (n + 1) 


(2.7) 


A 


1 - (n + 2)A 

( 2 . 8 ) 


r(s + i|A) = 


(1 - A )"+1 


r s 


A 


s(s- 1) 


1-Ay (1-A)(1-2A)* 


r s- 1 


1 - 2A 


s{s — l)(s — 2) 


r s-2 


A 


(l-A)(l-2A)(l-3A)*-i* V“ 1-3A 
s(s — l)(s — 2) • • • (s — (n + 1)) / 1 

'(l-A)(l-2A)---(l-(n+l)A) \l-{n + 2)X 

xr(s — (n + 1) 


1 - (n + 2)Ay ■ 

Therefore, by (12.911 . we obtain the following theorem. 


(2.9) 


Theorem 2.2. For n G N, we have 


r(s + i|A) 

s(s-l)(s-2)---(s-(n + l)) 

( ^ ) 

^s - (n + 1) 

A ) 

(l-A)(l-2A)---(l-(n + l)A) 

— {n F 2)Ay 

l-(n+2)A J 


Let us take s = n + 2 (n G N) and A G ^0, • Then we have 

(n + 2)! 


r(n + 3|A) = 


(1 - A)(l - 2A) ■ • • (1 - (u + 1)A) V1 - (^ + 2)A 


( 2 . 10 ) 
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For A G 


(“•A). 


we observe that 


r 1 


A 


l-(n + 2)A 

1 — (n + 2)A 
A 

1 — (n + 2)A 
A 


1 + 


A 


A 


(n + 3)A — 1 
A 

(n + 3)A — 1 


1 - (n + 2)A 
A 


l-(n + 2)A 
-- 


1 + 


(- 1 ) = 


1 - (n + 2)A 
1- (n + 2)A 


dt 


(n+3)A-l 

-X- 


( 2 . 11 ) 


Thus, by (12.101) and (I2.11|) . we get 
r(n + 3|A) = 


1 — (n + 3)A 
(n + 2)! 


(1 - A)(l - 2A) ■ • • (1 - (n + 2)A)(1 - (n + 3)A)' 
Therefore, by (I2.12|) . we obtain the following theorem. 


( 2 . 12 ) 


Theorem 2.3. For n G N, A G (O, ^), we have 

(n-l)\ 


r(n|A) = 


(l-A)(l-2A)---(l-nA)' 

In the viewpoint of (I2.2|l . we define degenerate Euler zeta function as follows: 

1 

Ce{s,x\X) = ——— Fi-t,x\-X)F~^dt, (2.13) 

r(s|A) Jq 

where A G (0,1) and s G C with R{s) > 0. 

From (|2.13l) . we have 

-I poo OO «00 

/ F{-t,x\ - xr-^dt = 2 ^ (-1)- / (1 + Xt)-^F-^dt 

r(s|A) Jo Jo 


■f(s|A) 

2 


Ei-i)' 


m—0 

OO 


1 + 


A 


m + X 


(m + x)t 


F~^dt 


(- 1 ) 


m /•OD 


£) + Jo 


1 + 


A 


m + X 


y'" ^dy 


(l)m r(s 


=2 _ 

^ (m + x)® r(5|A) ’ 

m—O VI/ 

where x ^ 0, —1, —2, • • •. 

Therefore, by (12.131) and (12.141) . we obtain the following theorem. 
Theorem 2.4. For s G C with R{s) > 0, we have 

Ce(s,x|A) -2 , 

m=0 ^ ' VI/ 


(2.14) 
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where x ^ 0, —1, —2, • • •. 

Let s = n G N and A G (O, i). Then, we have 


CEin,x\X) = 2 ^ 


m—0 


(m + a;)” r(n|A) 


From Theorem 12.31 we note that 

rfn 

\ m-\-x J 


r(n|A) 

(l-A)(l-2A)---(l-nA) 


(n- 1)! 


(n- 1)! 




(l-A)(l-2A)---(l-nA) 

" f 1 _ (1 _ ... f 1 _ ■ 

\ m-\-x J \ m-\-x J \ m-\-x j 

Therefore, by (I2.15|) and (I2.16L we obtain the following theorem. 


(2.15) 


(2.16) 


Theorem 2.5. For n G N and A G (O, i), we have 

^ {-ir (l-A)(l-2A)---(l-nA) 
CE[n,x\X) = 2 2_^ 


From (12.31) . we have 

T{s 

1 


1 r°° 

— / F{-t,x\- X)t^~^dt 

s|A) Jo 

{1 + xty'^F-^dt 


T{s\X) Jo (i + At)-T+l 

1 °° ( 1 r°° 


s+m—1 


dt. 


m—0 


Thus, by (I2.17L we get 


O-TTO 

CE(-n,x|A) = ^f„(x|-A)(-l)^ 
nl 


r(-n|A)- 


Now, we observe that 

poo 

r(—n|A) = / (1 + At)“^t" 
Jo 


^dt 


>0 

27rz 1 , ^ , 

= 1 + T 2+- 


n! A 

2711 


X 


(n-l) + -)(-l)"A" 


——j-(A + 1)(2A + 1) ■ • • ((n - 1)A + !)(-!)”. 
n! 

From (12.181) and (|2.19|) . we have 

£n{x\ - X) 


CE(-n,x|A) = 


(A + l)(2A + l)---((n- 1)A+1)' 


(2.17) 


(2.18) 


(2.19) 


( 2 . 20 ) 
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Therefore, by (I2.20L we obtain the following theorem. 

Theorem 2.6. For n G N U {0}, we have 

CE{-n,x\X) = £n{x\ - A). 

Remark. We note that CE(s,a;|A) is analytic function in whole complex s-plane. 

Remark. 

lim C£:(-n,x|A) = En{x) = C,E{-n,x). 

A—>0 
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